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(u) + f(u)] is given. We transform the higher order singular integral
to a usual Cauchy integral, extend the permutation formula of the higher order singular
integral deduced by Qian and Zhong in [4] to a general case, and discuss the regularization
problem of the higher order singular integral equations with Cauchy kernel and variable
coefficients on complex hypersphere.
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1 Introduction
It is well known that the principal value of higher order singular integral play important
roles in the study of the Cauchy problem of hyperbolic partial differential equations and higher
order singular integral equations. In fact the derivatives of integral representation of complex
variables are higher order singular integrals, and the studies of higher order singular integrals
become more natural and important no matter in theory or in practical application. In 1952,
Hadamard first defined the principal value of higher order singular Cauchy integrals on the real
axis, the idea is to separate the finite part from a divergent integral [1]. But the method afforded
by this definition is too complicated to be extended to the case of several complex variables. In
1982, a special case of higher order singular integrals on the hypersphere was treated by Sheng
Gong [2]. In 1990, Xiaoqin Wang [3] used integration by parts and Stokes’ formula to define
the higher order singular integrals by lower order singular integrals, and succeed in defining the
higher order Cauchy integral principal values by the standard Cauchy integral principal values.
In case of a closed domain, this method is consistent with the method of Hadamard, and she
obtained some other important results. In 2000, Tao Qian and Tongde Zhong [4] discussed
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and simplified this method furthermore, and obtained the permutation formula of higher order












In this article, the authors obtain a more general case of permutation formula of higher order













and discuss the regularization problem of a higher order singular integral equation with Cauchy
kernel on complex hypersphere.
2 The Permutation Formula of Higher Order Singular Integral on
Complex Hypersphere
Let B = {z ∈ Cn|zz̄′ < 1} be the unit ball in Cn, its boundary is S = {z ∈ Cn|zz̄′ = 1},
z = (z1, · · · , zn), ξ = (ξ1, · · · , ξn), zξ̄
′ = z1ξ̄1 + · · ·+ znξ̄n. Denote the area element of complex
hypersphere S as dS(u) = u̇, function f is holomorphic in the unit ball B, and is continuous




























, u1 = 0,
Lif = L(Li−1f), L0(f) = f,
where f ∈ Hk(α)(0 < α ≤ 1) means that all k-th partial derivatives f
(k) of f belong to the













Definition 2.1 [3, 4] If f is a function defined on the complex hypersphere, whose all
k-th partial derivatives are Hölder continuous of degree α, 0 < α ≤ 1, then for k ≥ 1 and

















u̇, v ∈ S, v1 = 0.
(2.3)
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[χ1,kφ](v, u, w) =
1






















According to Definition 2.1, the higher order singular integral on the left-hand side of formula
(2.4) takes Hadamard principal value, and the singular integral on the right-hand side takes
Cauchy principal value.
Theorem 2.1 If φ(u,w) ∈ Hk+l(α), 0 < α ≤ 1, then for k ≥ 1, l ≥ 1, we have a more





















(1 − vū′)n(1− uw̄′)n
u̇, (2.5)
where
[χl,kφ](v, u, w) =
1

























+ (l − k)
]
Tl−1φ.
According to Definition 2.1, the higher order singular integral on the left-hand side of formula
(2.5) takes Hadamard principal value, and the singular integral on the right-hand side of formula
(2.5) takes Cauchy principal value.
Proof The aim of this theorem is to obtain a more genernal case of permutation formula
under operator (Lf)(u). We separate two steps to prove this. First, we prove the case l = 2
by a large number of computations. Secondly, by the results of the cases l = 2 and l = 1, we
prove the general case.

































































































+ (1 − k)
]
Lkwφ(u,w),





























































































































































































































































































































































































































































































































































[χ2,kφ](v, u, w) =
1























+ (2 − k)
]
T1φ.


























[χl,kφ](v, u, w) =
1
























+ (l − k)Tl−1φ.






















(1 − vū′)n(1− uw̄′)n
u̇;
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when l = 1, the result above is consistent with the result of Lemma 2.1 in [4].
3 Regularization for Higher Order Singular Integral Equation
The discussion of this section goes along in the linear space L∗ which consists of complex-
value functions. These functions are differentiable, have arbitrary rth partial derivatives, and
satisfy Hölder condition on complex hypersphere. We introduce linear operators in L∗, and
discuss the regularization problem of higher order singular integral with Cauchy kernel on
complex hypersphere.
Denote
H(v, ū) = (1− vū′)−n, v ∈ S; Hk(v, ū) = (1 − vū




(k0(v, u)− k0(v, v))
k+1Hk(v, ū), k0(v, u) ∈ L
∗.
We have the following result
Theorem 3.1 Suppose that a, b and f all belong to L∗, a2 − b2 = 0,
Skϕ ≡ aϕ+ bHkϕ+Kkϕ = f (3.1)
is a higher order singular integral equation with Cauchy kernel and variable coefficients a and












then we can transfer equation (3.1) to a Fredholm type equation.




(aψ − bHlψ), ψ ∈ L
∗, (3.4)
R∗l ψ = aψ + bHlψ,
we can prove that, when l = 0, Rl is a left regularization operator of formula (3.1) (refer to the
remark after the proof). Actually, when we apply Rl from left to both sides of formula (3.1),




(a2ϕ+ abHkϕ+ aKkϕ− bHl(aϕ)− bHl(bHkϕ)− bHlKkϕ). (3.5)
In the following we write down every terms of the higher order singular integrals on the
right-hand side of formula (3.5), use the definition of Hadamard principal value and transfer
them to the usual Cauchy principal value.
Hlϕ =
2





u̇, v ∈ S,
Kkϕ =
1
(n+ l − 1)(n+ l− 2) · · ·nvk1wn
∫
S
[Lk(k0(v, u)− k0(v, v))
n+1ϕ(u)](u)
(1− vū′)n
u̇, v ∈ S,



























(apply Poincaré-Bertrand permutation formula of Theorem 2.1), where
χl,k[b(w)ϕ(u)](v, u, w) =
1
























































































(apply the permutation formula of singular integral and weak singular integral on hypersphere




















































Moreover, according to the definition of Hadamard principal value, g = R0f can be expressed




















































where N = (n+ k − 1)(n+ k − 2) · · ·n.
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This is a singular integro-differential equation (see [5]) with usual Cauchy kernel. When
k = l = 0, equation (3.6) becomes




























Equation (3.7) is a standard type with weak singular kernels, which is convenient for us to
discuss the regularization problem of singular integral equations with variable coefficients (refer
to Theorem 2.14.2 of [2]), and we can prove that from one of the iterated kernel in equation
(3.6), every iterated kernels are bounded functions (refer to the proof of Theorem 2.14.2 of [1]),
obviously equation (3.6) is a Fredholm type equation (see [6]).
Remark Since in space L∗, there does not exist composite formula (see [4]) of higher
order singular integral on complex hypersphere, this means that HlHl = I when l is a positive
integer, so operator R∗l = a + bHl(l > 0) is not an inverse operator of Rl, R
∗
lRl = I. Now, if
we apply operator R∗l (l > 0) to both sides of formula (3.6), we would not obtain formula (3.1).
Formula (3.1) and formula (3.6) are not equivalent. But when l = 0, H0 = H , there exists
composite formula of usual singular integrals on complex hypersphere, HH = I, so R∗0R0 = I,
then R∗0 = a + bH is an inverse operator of operator R0 =
1
a2−b2
(a − bH), when we apply
operator R∗0 to both sides of formula (3.6), we can obtain formula (3.1), formula (3.1) and
formula (3.6) are equivalent. So, we can use operator R0 to regularize the higher order singular
integral equation (3.1) in space L∗.
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